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We consider the S-matrix bootstrap of four dimensional scattering amplitudes with O(3) sym-
metry and no bound-states. We explore the allowed space of scattering lengths which parametrize
the interaction strength at threshold of the various scattering channels. Next we consider an
application of this formalism to pion physics. A signature of pions is that they are derivatively
coupled leading to (chiral) zeros in their scattering amplitudes. In this work we explore the
multi-dimensional space of chiral zeros positions, scattering length values and resonance mass
values. Interestingly, we encounter lakes, peninsulas and kinks depending on which sections of this
intricate multi-dimensional space we consider. We discuss the remarkable location where QCD
seems to lie in these plots, based on various experimental and theoretical expectations.
In memory of Clay Riddell.
I. INTRODUCTION AND SETUP
Pions are approximate Goldstone bosons for sponta-
neous chiral symmetry breaking in QCD. In this Letter
we study the question: Do pion scattering amplitudes
take a special place in the space of consistent S-matrices?
We assume that the up and down quarks are massive
and degenerate (Nf = 2), a very good approximation of
the physical world. 1 To wit we consider pions as particles
of mass mpi = 1 in the vector representation of O(3) so
that their 2 to 2 scattering amplitude reads
T cdab = A(s|t, u)δabδcd +A(t|s, u)δcaδdb +A(u|s, t)δdaδcb ,
where s, t, u = 4− s− t are the usual Mandelstam invari-
ants. Crossing symmetry is simply A(s|t, u) = A(s|u, t).
The partial wave expansion is given by
T =
(
3A(s|t, u) +A(t|s, u) +A(u|s, t)
)
P0 + (1)
+
(
A(t|s, u)−A(u|s, t)
)
P1 +
(
A(t|s, u) +A(u|s, t)
)
P2
=
16pii
√
s√
s− 4
∑
I=0,1,2
PI
∑
`
(2`+ 1)
(
1− S(I)` (s)
)
P`
(
u− t
u+ t
)
,
1 Chiral symmetry is broken not only spontaneously SU(2)L ×
SU(2)R → SU(2)V , but also explicitly by a mass term for the
quarks. We neglect the SU(2)V violations coming from the u−d
quark mass difference and the electroweak interactions hence pi-
ons are stable particles in our setup. Finally, when plugging
numbers in resonance masses, scattering lengths, etc we will use
real world experimental data.
where P` are Legendre polynomials and PI are the (s-
channel) projectors onto the three possible isospin chan-
nels. (I = 0 for singlet, I = 1 for vector and I = 2 for
symmetric traceless tensor). Due to the absence of bound
states, we consider the following analytic and crossing
symmetric ansatz [1]:
A(s|t, u)=
∞∑
n≤m
anm
(
ρnt ρ
m
u+ρ
m
t ρ
n
u
)
+
∞∑
n,m
bnm
(
ρnt+ρ
n
u
)
ρms , (2)
where ρz ≡
√
8/3−√4−z√
8/3+
√
4−z is a conformal mapping of the z
complex plane minus the cut z > 4 to the ρ unit disk. 2
In the partial wave decomposition, unitarity reads sim-
ply |S(I)` (s)| ≤ 1 for s > 4. To extract S(I)` (s) we project
the amplitude as usual, by multiplying by the appropriate
Legendre polynomial and integrating over the scattering
angle. Obviously, this is a linear operation so that all the
S
(I)
` (s) can be explicitly written as linear combinations
of the constants anm and bnm.
For numerical explorations we replace∞ in (2) by some
large number Nmax. Then we can simply explore the
space of possible S-matrices by extremizing various phys-
ical observables subject to the unitarity constrains while
making sure the values converge as we increase the cut-
off Nmax as well as other numerical cut-offs such as the
2 Indeed, all our results are independent on the conformal mapping
chosen to foliate the complex plane. Other works used conformal
mappings to parametrize fixed partial wave amplitudes [2, 3].
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2number of grid points where we check unitarity and how
many spins we impose it on, see [1] for details. 3
So far this is totally general and valid for any unitary
relativistic quantum theory with O(3) vector particles.
To zoom in on pions we need further input. A lot is
known about pions as nicely reviewed in [4–8] and im-
portant hints can be obtained from (chiral perturbation)
theory and from experiment.
First of all we have experimental data. There are clear
resonances in the spin ` = 1 and spin ` = 2 correspond-
ing to the so-called ρ and f2(1270) particles and a much
broader resonance for spin ` = 0 corresponding to the
σ particle. Normally, one associates these resonances to
abrupt changes in the phase shift which crosses an odd
multiple of pi/2. A better characterization of these res-
onances is as zeros of the corresponding partial waves.
For example, the ρ particle resonance will have a com-
plex mass mρ such that
4
S
(1)
1 (m
2
ρ) = 0 . (3)
Let us emphasize that a free theory has S
(I)
` = 1 (and
not zero!) so a resonance is quite a strong effect, very far
from a free theory. At the same time, for pions, we do
have two very important points located at sub-threshold
(unphysical) values of s where the weak coupling condi-
tions (often referred as Adler’s zeros [10])
S
(0)
0 (s0) = 1 and S
(2)
0 (s2) = 1 , (4)
hold. The same weak coupling conditions can be im-
posed as zeros in the corresponding partial wave am-
plitudes as it follows from their definition S
(I)
` = 1 +
2i
√
1− 4/s T (I)` . Indeed, leading order chiral perturba-
tion theory [11] predicts
T (0)0 =
2s− 1
32pif2pi
, T (2)0 =
2− s
16pi f2pi
, T (1)1 =
s− 4
96pi f2pi
, (5)
where fpi is the pion decay constant.
5 From this we read
off the tree-level predictions s0 = 1/2 and s2 = 2.
3 In practice, we bound all the spins up to `max = 20 for the
highest Nmax we use. The asymptotic large-spin behaviour is
also bounded. Note that our setup here is quite distinct from
other treatments – based on Roy equations [4] for instance –
which typically include the very first few spins only.
4 Unitarity from 4m2pi until the first inelastic threshold must be
exactly saturated. In that range S
(I)
` (s)Sˆ
(I)
` (s) = 1, where Sˆ
stands for S in the second-sheet. This functional relation can
be analytically continued everywhere. As such (3) states that a
resonance corresponds to a pole in the second-sheet. A similar
discussion for 1+1 dimensions is in [9].
5 Higher loop corrections depend on the choice of constants ex-
tracted from the low energy data we want to constraint. Taking
them as input would make our arguments sort of circular hence
we prefer to stick to leading order here.
a(0)0
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FIG. 1. Exploration of the minimum values scattering lengths
can take. The three surfaces here correspond to Nmax =
12, 14, 16 (orange, red, light-blue). The fact they are almost
indistinguishable is the sign of their very good convergence.
The QCD values (Table I) are represented by a dot here (the
errors are smaller than the size of the dot) and are of course
well within the allowed region where scattering lengths live.
Finally, at low energy we have the expansion of the
partial wave amplitudes close to threshold
Re[T (I)` ] = k2`
[
a
(I)
` + b
(I)
` k
2 +O(k4)
]
where k =
√
s/4− 1 is the center of mass momen-
tum, a
(I)
` are the scattering lengths and b
(I)
` are the ef-
fective ranges. Since we set mpi = 1, all these quantities
are dimensionless: in table I we summarize their experi-
mental values.
I O(k0) O(k2)
0 a
(0)
0 = 0.2196± 0.0034 b(0)0 = 0.276± 0.006
2 a
(2)
0 = −0.0444± 0.0012 b(2)0 = −0.0803± 0.0012
1 a
(1)
1 = 0.038± 0.002
TABLE I. Experimental determination of scattering lengths
and effective ranges of pi-pi scattering up to spin one [12, 13].
II. NUMERICAL EXPLORATIONS
We first ask what is the allowed region in the three-
dimensional space of scattering lengths {a(0)0 , a(1)1 , a(2)0 }.
It turns out they are all bounded from below [14]. 6 The
6 The boundedness of scattering lengths comes from their rela-
tion to time delays at low energies; while positive and arbitrarily
large time delays are clearly allowed (and do show up in our nu-
merics as resonances arbitrarily close to threshold trapping the
particles), negative large time delays could lead to causality vi-
olations if no bound states are present and hence the existence
of these lower bounds. Similar (but not identical) bounds were
previously explored in [15–18].
3South shore North shore
s2
T (2)0
(a)
Lake
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South shore
North shore
s2
T (2)0
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FIG. 2. Schematic picture of the lake, panel (a), and of the
peninsula determination, (b). In (a) the solid blue lines en-
close the allowed region for the amplitude T (2)0 when we im-
pose the chiral zero condition at s0 = 1/2 and the ρ resonance.
The same region is shown in panel (b) by dashed blue lines.
The solid blue lines in (b) embraces the allowed region when
the three scattering lengths are set to the experimental val-
ues within errors. In both panels we denote in red the region
where we cannot fix s2 and in green where we can.
boundary of the allowed region is shown in Fig. 1. It
has a smooth tip, a point of highest curvature; we do
not know if it corresponds to any physical theory. The
black dot represents the QCD experimental values from
table I. We see that it is well inside the allowed region.
Indeed, we can study the various phase shifts of the ex-
tremal solutions along the boundary and realize these do
not resemble QCD. This is not surprising because we are
not imposing anything yet about the chiral symmetry
breaking physics which pions describe.
The lake
To do so, we would like to impose the existence of the
two chiral zeros described in (4). However, these zeros
appear in the unphysical region s < 4 and their position
cannot be measured experimentally. So our next investi-
gation aims at getting some hints about their position.
We start by fixing one chiral zero s0 in the singlet
channel amplitude T (0)0 (s) and the vector ρ resonance
with mass parameters mρ ' (5.5 + 0.5 i). 7 Then we
maximize and minimize the symmetric channel ampli-
tude T (2)0 (s) for 0 < s < 4 obtaining the blue solid curves
in Fig. 2(a) (here represented s0 = 1/2). We learn that
there are regions where we cannot impose a chiral zero
s2 since the maximum and minimum are both negative
there (red segment). Therefore, we can simultaneously
impose the weak coupling conditions T (2)0 (s2) = 0 and
T (0)0 (s0) = 0 only when the upper boundary is positive
7 The condition T (0)0 (s0)=0 sets one linear constraint on the con-
stants anm and bnm in the ansatz (2) which allows us to solve for
one of these constants. The resonance condition eliminates two
more constants because the real and imaginary part of eq. (3)
are different constraints.
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comparable to experiments
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FIG. 3. Pion Lake: the white region is the exclusion area
in the plane (s0, s2) when we fix the ρ resonance. The black
point corresponds to tree-level chiral perturbation theory (5)
which is now excluded. We show the shape of the lake for
three different Nmax = 12, 13, 14 (blue to red): convergence
is guaranteed by the three curves almost overlapping.
(green segment). Repeating this game for various s0 al-
lows us to exclude a full region in the (s0, s2) plane. This
region, depicted in Fig. 3 is what we dub the pion Lake.
Notice that, while the amplitude maximizing T (2)0 (s)
is unique, there can be many amplitudes having the same
zero s2. On the other hand, the intersection of the upper
boundary of the allowed region with the s2 axis selects
a unique amplitude since a zero there coincides with the
maximum possible value at that point. This uniqueness
of the boundary theories is the same sort of uniqueness
found and thoroughly explored in the conformal boot-
strap [19].
Remarkably, the prediction (s0, s2) = (1/2, 2) of lead-
ing order chiral perturbation theory (5) is clearly ex-
cluded. What the lake is telling us is that we need to
be considerably far from that weak coupling point to be
able to include such a strong coupling phenomena as a
resonance. Therefore, we can think that the boundary
of the lake corresponds to theories that are as free as
possible given that they contain the ρ resonance.
If we were to take the complex ρ mass to be larger
and larger (i.e. further away in the Mandelstam plane)
the lake (i.e. the excluded region) would become thinner
and thinner eventually becoming a line segment passing
through the chiral perturbation theory point and very
well fitted by our numerics to s2− 2 + 4/5(s0− 1/2) = 0.
Curiously this line of zeros would correspond to a tree
level amplitude A(s|t, u) ∝ s−m2piα; α = 1 yields (5). It
would be interesting to further explore this line segment
analytically; it should be related to an interesting line of
perturbative field theories.
We next ask whether anything interesting happens
along the lake shore for these freest possible theories. In
Fig. 4 we follow the scattering lengths around the lake.
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FIG. 4. Scattering lengths orbit around the lake. The colors
in the inset and in the panel match in order to help following
the orbit as we move around the lake. In the left inset we
zoom in on the A-kink: the black dot corresponds to the
tree-level chiral theory and the ellipsoid to the experimental
values for QCD. All the curves shown are obtained at fixed
Nmax = 14. The small non-smoothness of the A-B arc is a
numerical artefact (in any case it occurs in a region where
a
(1)
1 is huge, far from the pion physics we are interested in).
The points A and B – also in Fig. 3, correspond to cusps
both in the the scattering length orbit and in the lake
shape, as opposed to C which is a smooth transition
point. It is remarkable that along the shore A-C and,
in particular, at the kink A the sign of the scattering
lengths match the experimental ones being also close in
magnitude to them (see the left-inset in Fig. 4).
The peninsula
Motivated by these explorations, we consider a third
exploratory game where we now impose the ρ reso-
nance condition plus the scattering length inequalities
|a(0)0 −0.2196| < 0.034 etc given in Table I. These upper
and lower bounds for each scattering length are simply 6
additional constraints to add to the many unitarity con-
ditions we have already. We repeat the procedure above
of maximizing and minimizing the value of the amplitude
in the symmetric channel T (2)0 (s) with a zero s0 imposed
in the singlet channel T (0)0 (s). The schematic represen-
tation of the result is in Fig. 2(b). We note that while
before we excluded a small segment, now the maximum
and minimum conditions exclude all but a tiny region for
possible positions s2 of the second chiral zero since only
in a very small segment is the minimum negative and
the maximum positive! Scanning over various s0 we thus
construct a full region in the (s0, s2) plane which is now
mostly excluded. It is represented in Fig. 5 and dubbed
as the pion peninsula for obvious reasons.
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FIG. 5. Pion peninsula: we fix the ρ resonance and the in-
equalities given by the experimental intervals for the three
scattering lengths. The colored region is the one allowed by
unitarity and different colors correspond to different Nmax
from 12 to 20 as we go from blue to red. The dashed contour
encloses the pion lake.
It would be very interesting to see how the excluded re-
gion (the exterior of the peninsula) shrinks to the lake in
the limit when the inequalities imposed on the scattering
lengths become looser.
In Fig. 6 we plot the effective ranges b
(0)
0 , b
(2)
0 as we
move around the peninsula boundary. Very nicely, we
note that at the tip of the peninsula the orbit passes close
to their experimental values in Table I. Besides, we ob-
serve the emergence of a first zero in S
(0)
0 that we identify
as the σ resonance. It too approaches its experimental
position as we go to the tip of the peninsula.
The kink
By now, we have a few natural candidates for reason-
able chiral zeroes’ positions. We could take the values
along the shore of the pion lake which are closest to ex-
periment; or the sharp kink we observe along that shore;
or we could take the tip of the pion peninsula. In this
concluding section we fix the chiral zeros to the tip of the
peninsula at our largest Nmax = 20 value as illustrated
in Fig. 5.
With these chiral zeros fixed, we repeated the analy-
sis of the possible allowed values for the three scattering
lengths, as in Fig. 1. We observed that with these extra
constraints the resulting space is much more interesting
and intricate. We refrain from depicting it here since we
first want to make sure that our numerics have properly
converged close to all the various kinks and edges which
comprise its very rich boundary.
There seem to be, for example, two cusps in this three
dimensional space (one corresponding to the free the-
ory and another with scattering lengths roughly twice
as large as those measured in nature). The two cusps
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FIG. 6. Trajectory of the effective ranges in the (b
(0)
0 , b
(2)
0 )
plane (upper left panel), and of the spin-0 zero in the
(Re(mσ), Im(mσ)) plane (lower left panel) as we travel on the
boundary of the peninsula (right panel), at fixed Nmax = 20.
The blue elliptic regions represent the experimental values
and their uncertainty. In gray from lighter to darker the same
trajectories for Nmax = 16, ..., 19.
are connected by a sharp edge where the QCD scatter-
ing lengths seems to lie. To illustrate this, we consider
in Fig. 7 a two-dimensional section of the allowed space
intersecting this sharp edge at fixed a
(0)
0 = 0.2196, the
expected experimental value for this scattering length.
As illustrated in this figure, not only do we have a very
sharp kink but its location is extremely close to the ex-
perimental values.
Moreover, if we follow other quantities as the effective
ranges b
(0)
0 , b
(2)
0 or the complex mass mσ of the emerging
spin-zero resonance as a function of a
(1)
1 , they all show
a kink compatible with their experimental values! We
even observe the emergence of a zero in S
(1)
1 which we
would like to identify with the ρ resonance. (As seen
in the figure, its real part is actually quite close to the
experimental one but its imaginary part is off.) 8
We find it remarkable that the theories lying at the
boundary of the allowed space have any resemblance to
those in the real world, with resonances emerging dynam-
ically and with various physical parameters extremely
close to the values observed in nature. Of course, a more
8 In our setup, the boundary of our S-matrix theory space will
typically saturate unitarity. However, at some high energy we
have sizeable inelasticities in pion scattering most notably at the
KK¯ threshold. As an instructive exploration we imposed – by
hand – reasonable inelasticity in the unitarity constraints start-
ing at this threshold and observed that most of the low energy
parameters such as the ones plotted here are stable and almost
do not change. (Similar games were played in two dimensions in
[20] with similar conclusions.) To rigorously take these physical
processes into account we would have to scatter K-ons as well
and consider multiple pion scattering processes.
b(0)0
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a(1)1<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjA v6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjA v6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjA v6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjA v6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>a
(1)
1<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/d rZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l 4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/d rZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l 4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/d rZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l 4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92YRTzg/d rZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1IfPDSDOA+c8OPIAAU8RM2l 4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>
a(1)1<latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92 YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1I fPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92 YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1I fPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92 YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1I fPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit><latexit sha1_base64="39jqB8HIQPmbEFVUS8fBlQXBhrQ=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESGFJrIREpQRNJRBIg+UhGh92 YRTzg/drZEiy19BCxUdouVjKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6aaO8ubW9s1vZ22+bINICWyJQge66YFBJH1skSWE31Aieq7DjTq8yv/OI2sjAv6VZiAMPJr4cSwGUSncwdO7jmnOSDCtVu27n4IvEKUiVFWgOK1/9USAiD30SCozpOXZIgxg0SaEwKfcjgyGIKUywl1I fPDSDOA+c8OPIAAU8RM2l4rmIvzdi8IyZeW466QE9mHkvE//zehGNLwax9MOI0BfZIZIK80NGaJk2gXwkNRJBlhy59LkADUSoJQchUjFKqymnfTjz3y+S9mndSfnNWbVxWTRTYofsiNWYw85Zg12zJmsxwTz2xJ7Zi5VYr9ab9f4zumQVOwfsD6yPb1ZRlCI=</latexit>
Re(m )
<latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHS Ils+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147p sF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHS Ils+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147p sF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHS Ils+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147p sF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit><latexit sha1_base64="x/E+yk4H5yYgul9nJU2QAf2EWPc=">AAACB3icbVC7TsNAEDzzDOEVSElzIkIKTWQjJCgjaCgDIg8piaL1ZRNOubOtuzUisvIBfAUtVHS Ils+g4F+wQwpImGo0s6udHT9S0pLrfjpLyyura+u5jfzm1vbObmFvv2HD2Aisi1CFpuWDRSUDrJMkha3IIGhfYdMfXWZ+8x6NlWFwS+MIuxqGgRxIAZRKvUKxQ/hAyQ1OyrrXsXKo4bhXKLkVdwq+SLwZKbEZar3CV6cfilhjQEKBtW3PjaibgCEpFE7yndhiBGIEQ2ynNACNtptMw0/4UWyBQh6h4VLxqYi/NxLQ1o61n05qoDs772Xif147p sF5N5FBFBMGIjtEUuH0kBVGpq0g70uDRJAlRy4DLsAAERrJQYhUjNOa8mkf3vz3i6RxUvFSfn1aql7MmsmxA3bIysxjZ6zKrliN1ZlgY/bEntmL8+i8Om/O+8/okjPbKbI/cD6+AZoxmUg=</latexit>
Re(m⇢)
<latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1D wL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw 7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1D wL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw 7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1D wL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw 7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit><latexit sha1_base64="nyzo2OJDb8MAm9RNSxGiweBdxv8=">AAACBXicbVC7TsNAEDzzDOGVQElzIkIKTWQjJCgjaCgDIg8ptqzzZZOccn7obg1EVmq+ghYqOkTLd1D wL9jGBSRMNZrZ1c6OF0mh0TQ/jaXlldW19dJGeXNre2e3Ut3r6DBWHNo8lKHqeUyDFAG0UaCEXqSA+Z6Erje5zPzuHSgtwuAWpxE4PhsFYig4w1RyK1Ub4QGTG5jVfddW4/DYrdTMhpmDLhKrIDVSoOVWvuxByGMfAuSSad23zAidhCkUXMKsbMcaIsYnbAT9lAbMB+0kefQZPYo1w5BGoKiQNBfh90bCfK2nvpdO+gzHet7LxP+8fozDcycRQRQjBDw 7hEJCfkhzJdJOgA6EAkSWJQcqAsqZYoigBGWcp2KcllRO+7Dmv18knZOGlfLr01rzomimRA7IIakTi5yRJrkiLdImnNyTJ/JMXoxH49V4M95/RpeMYmef/IHx8Q0KDphs</latexit>
Im(m⇢)
<latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j 4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI +OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j 4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI +OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j 4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI +OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit><latexit sha1_base64="VbgNFU3pBnq9WAjDi5dzBmcxC24=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK4x0ZJoox0m8khYspkdLjBhZnczc1clG2q/wlYrO2Prd1j 4Lw5IoeCpTs65N/fcEyZSGHTdT2dpeWV1bT23kd/c2t7ZLRT3GiZONYc6j2WsWyEzIEUEdRQooZVoYCqU0AyHlxO/eQfaiDi6xVECHcX6kegJztBKQaHoIzxgdq3GZRX4ehAfB4WSW3GnoIvEm5ESmaEWFL78bsxTBRFyyYxpe26CnYxpFFzCOO+nBhLGh6wPbUsjpsB0smn0MT1KDcOYJqCpkHQqwu+NjCljRiq0k4rhwMx7E/E/r51i77yTiShJESI +OYRCwvSQ4VrYToB2hQZENkkOVESUM80QQQvKOLdiakvK2z68+e8XSeOk4ll+c1qqXsyayZEDckjKxCNnpEquSI3UCSf35Ik8kxfn0Xl13pz3n9ElZ7azT/7A+fgGCG2Yaw==</latexit>
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FIG. 7. Top-right panel: allowed region in the (a
(2)
0 , a
(1)
1 )
plane at fixed s0 = 0.36, s2 = 2.04 and a
(0)
0 = 0.2196. All
the other panels show the effective ranges and the resonance
masses along the same boundary as a function of a
(1)
1 . Their
experimental values lie in the blue ellipses. Nmax goes from
14 to 20 (blue to red).
quantitative comparison (for the ρ particle life time for
instance) would entail a more detailed study of the con-
vergence of all phase shifts, exploration of various chiral
zeroes scenarios, etc.9 We hope to report of these explo-
rations soon.
III. CONCLUSIONS
We started exploring the space of low energy parame-
ters of massive QFT in 3 + 1 dimensions that have a low
9 Notice that the pion S-matrix is far from unique. For starters,
our assumptions are common to all QCD-like theories with fixed
symmetry breaking pattern in the IR, but different gauge group.
Moreover, for each gauge group, there is a continuous family
of theories as a function of ΛQCD/mpi . The situation is not
dissimilar from the lattice formulation where one needs to fix the
gauge group and set the bare masses of the quarks. However, it
is still hard for lattice simulations to work with physical pion
masses [21]. It would be interesting to use our framework to
study the scattering of particles in a regime accessible to the
current lattice simulations.
6energy effective field theory description, focusing in par-
ticular on QCD. Inspired by the plethora of experimental
and theoretical results, we find that imposing additional
conditions as the presence of a resonance or inequalities
on the scattering lengths the space of low energy pa-
rameters shows a very non-trivial structure with lakes,
peninsulas and kinks. For the reader’s convenience, here
is a telegraphic summary table:
input output
nothing imposed absolute bound of scatt. lengths Fig. 1
ρ resonance pion lake exclusion for chiral zeros Fig. 3
scatt. lengths around the lake in Fig. 4
ρ + exp. pion peninsula Fig. 5
scatt. lengths new spin 0 resonance + eff. ranges Fig. 6
s0, s2 Intricate allowed a
(I)
` 3D space as briefly
described in the text [22]
s0, s2, a
(0)
0 kink in (a
(2)
0 , a
(1)
1 ) Fig. 7
kinks in b
(0)
0 , b
(2)
0 , mσ as function of a
(1)
1
It would be very interesting to extend this study to the
case of massless pions, i.e. exact Goldstone bosons and
to other interesting setups with some symmetry break-
ing pattern, both in four or lower dimensions. (In two
dimensions, the O(N) bootstrap was recently addressed
in [20, 23, 24] where contact with known integrable mod-
els was made.) We hope to report on progress in these
directions soon.
One of the main outcomes of the discussion contained
in this Letter is the constraint on the position of the chi-
ral zeros in pi-pi scattering, obtained in a consistent way
using our setup – see Fig. 5. An obvious next question
which we are currently exploring is whether imposing the
chiral zeros in the allowed region is enough to select a the-
ory with phase shifts resembling the experimental ones
and from which we can extract a resonance spectrum
compatible with the physical one.
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